ures 6 and 7 for comparison with the B-W-R predicted
data. Considering that Khazanova et al. attach = 0.5 atm
uncertainty to their reported pressures, there seems to be
a reasonable agreement at 10°C. At lower temperatures
there is excellent agreement between dew-point pressures
measured by Kurata-Swift and those predicted by B-W-R,
and reasonable agreement in bubble-point pressures at
carbon dioxide concentrations of 409, or more. However,
at conditions corresponding to 10 to 20% carbon dioxide
in the liquid, bubble-point pressures reported by Kurata-
Swift are 1 to 2 atm higher than those measured and cor-
related in the work presented herein. Consequently, at
these conditions the relative volatility of carbon dioxide to
ethane implied by the data of Kurata-Swift is about 50%
higher than that predicted by B-W-R.

NOTATION

Bo, Ao, Co, b, 4, ¢, a, y = pure-component B-W-R coeffi-
cients

molal density

component fugacity

binary interaction coefficient

component equilibrium constant

absolute pressure

unijversal gas constant

absolute temperature

mole fraction of the component in liquid phase
mole fraction of the component in vapor phase
summation term

&0

M R R

I T T | A O | | R A TR

Subscripts and Superscripts

i, f = total number of components
L = liquid phase
\% = vapor phase

LITERATURE CITED

Barner, H. E., and S. B. Adler, “Low Temperature B-W-R
Applications,” Hydrocarbon Processing, 47, 150 (1968 ).

Benedict, M., G. B. Webb, and L. C. Rubin, “An Empirical
Equation for Thermodynamic Properties of Light Hydrocar-
bons and their Mixtures,” J. Chem. Phys., 8, 334 (1940).

Benedict, M., G. B. Webb, and L. C. Rubin, “An Empirical
Equation for Thermodynamic Properties of Light Hydrocar-
bons and their Mixtures, Part II. Mixtures of Methane,
Ethane, Propane, and n-Butane,” ibid., 10, 747 (1942).

—————, “An Empirical Equation for Thermodynamic
Properties of Light Hydrocarbons and their Mixtures: Con-
stants for Twelve Hydrocarbons,” Chem. Eng. Progr., 47,
419 (1951).

Buell, D. S., and J. W. Eldridge, “Solubility, Vapor Pressure,
and Liquid Density in the System Carbon Dioxide-Methylene
Chloride,” J. Chem. Eng. Data, 7, 187 (1962).

Khazanova, N. E., and L. S. Lesnevskaya, “Phase and Volume
Relations in the System Ethane-Carbon Dioxide,” Russ. J.
Phys. Chem., 41, 1279 (1967).

Kuenen, J. P., “Experiments on the Condensation and Critical
Phenomena of Some Substances and Mixtures,” Phil. Mag.,
44, 174 (1897).

Kurata-Swift Consulting Engrs., “Experimental Measurements
of Vapor-Liquid Equilibrium for the Ethane-Carbon Dioxide
and Nitrogen-n-Pentane Binary Systems,” Natural Gas Proc-
essors Assoc., Tulsa, Oklahoma, Research Report, RR-5
(Dec., 1971).

Orye, R. V., “Prediction and Correlation of Phase Equilibria
and Thermal Properties with the B-W-R Equation of State,”
Ind. Eng. Chem. Process Design. Develop., 8, 579 (1969).

Stotler, H. H., and M. Benedict, “Correlations of Nitrogen-
Methane Vapor-Liquid Equilibria By Equations of State,”
Chem. Eng. Progr. Symp. Ser. No. 6, 49, 25 (1953).

Manuscript received June 19, 1973; revision received November 7
and accepted November 8, 1973.

Concentration Profiles in Free-Flow

Electrophoresis

An analysis is presented which enables detailed description of solute

concentration profiles for free-flow electrophoresis in planar slit flows. This
analysis is suitable for either batch or continuous operation with arbitrary

JOAQUIM F. G. REIS
E. N. LIGHTFOOT

variation of solute input rate, and it requires no seriously restrictive as- and

sumptions other than constancy of equilibrium and transport properties.
It permits for the first time a systematic investigation of the effects of
governing parameters and can be used to optimize operating conditions.
The most significant finding is that Taylor dispersion, ignored in previous Madison, Wi

analyses, markedly reduces separability.

HO-LUN LEE

Department of Chemical Engineering
University of Wisconsin
in 53706

SCOPE

Electrophoresis has become an important analytical
tool in protein chemistry because of its excellent resolv-
ing power, but it has not proven as successful on a
preparative scale. Much developmental effort has been
expended to scale up electrophoretic separations, and the
reasons for their relative lack of success are not entirely
clear. However, the lack of realistic quantitative descrip-
tions of solute distributions has certainly been a major
stumbling block. We are attemnting to provide improved
models as part of an overall design effort, and this paper
presents our initial results,
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To date the most reliable method for predicting solute
separability appears to be the first-order approximation of
Philpot (1940) for adiabatic separations in rectangular
slit-flow apparatus. Philpot’s model predicts that separa-
bility depends only upon carrier solvent temperature rise
and is completely independent of apparatus shape. It is
a quantitative expression of an earlier suggestion by
Thomson (1884), and it is useful for orientation purposes.
It is, however, a very primitive model which ignores both
the nonuniform velocity profiles actually observed as well
as spatial variations in fluid density and viscosity.
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The parabolic velocity profiles characteristic of slit-flow
apparatus produce an axial dispersion analogous to that
first studied by Taylor (1953) in tube flow, and this paper
deals with their effect in one of the commonest equipment
configurations, that of Hannig (1964). Such a system is
described schematically in Figure 1.

In such a device solute moves by virtue of the bulk
fluid motion v,(y), that is, by convection, in the x-direc-
tion and simultaneously migrates, under the influence of
the electric field, in the z-direction. In the absence of
diffusion, solute at any y-position would move in a straight
line as shown, and the solute as a whole would tend to
form a double-valued profile at the end of the apparatus.
Resolution of two solutes would be incomplete even in
this ideal case.® Diffusion, which is most important in
the y- and z-directions, tends to mitigate the extremely

rapid migration near the large flat surfaces, but it also
interacts with the nonuniform flow to produce an analog
of Taylor dispersion. The primary purpose of this paper
is to describe guantitatively the combined effects of con-
vection, electro-migration, and diffusion. The immediate
benefit of this work is to provide a basis for optimizing
equipment configuration and determining the degree to
which a given apparatus approaches its separation poten-
tial.

This paper is also necessary for examination of hydro-
dynamic instabilities in electrophoresis. Both uneven
heating of carrier solvent and nonuniform distribution of
proteins can result in free-convective secondary flows
which further reduce separability. These must be con-
sidered if one wishes to maximize equipment productivity,
and their analysis must start with a precise reliable de-
scription of the undisturbed primary flow.

CONCLUSIONS AND SIGNIFICANCE

All the results of this analysis follow directly from
Equation (38) which describes the transient concentration
profile resulting from introduction of a unit pulse of solute
to the apparatus of Figure 1. Profiles for any other sched-
ule of solute addition can be obtained from this funda-
mental result by superposition, and one of particular im-
portance—steady solute flow—is given by Equation (40).
The distribution of solute leaving the apparatus, which
directly determines separation effectiveness, is given by
Equation (47). Representative numerical results for steady
flow are shown in Figures 2, 3, and 4.

Solution of the defining equations for pulse input are
surprisingly simple and provide a convenient compact
basic description of the system. It may readily be seen
from Equation (8) that diffusion in the z-direction and
also electrical migration are independent of convection
and diffusion in the x and y directions. Furthermore,
motion in the x and y directions is described by a two-
dimensional analog of Taylor diffusion, most conveniently
by extending the analysis of Gill and Sankarasub-
ramanian (1970). The steady result, Equation (40), is
inherently more complex.

The possibility of constructing unsteady solutions is
particularly attractive for laboratory-scale operations since
these are usually carried out on a batch basis. The signifi-
cance of Equation (39), which is essentially a specialized
superposition integral, is then particularly important: the
degree of separation of two solutes is the same irrespec-
tive of the feed schedule provided that:

1. They are always fed in the same proportion to each
other,

2. Their introduction does not affect the fiow profiles
in the equipment, and

3. Solvent flow is time independent.

The steady state results of Figures 2 to 4 are then also
applicable to any transient solute feed schedule.

Most significant numerically is the large effect of Taylor
dispersion, not considered in any previous amalysis. A
specific example, characteristic of commercially available
equipment, is shown in Figure 3.

The effects of equipment configuration and operating
conditions are shown in Figures 2 to 4. It can be seen
from these figures that previous analyses not only under-
estimated dispersion but were qualitatively incorrect in
predicting the effects of changing operating conditions.
Thus increasing perfusion and migration velocities in the
same ratio is seen to decrease effectiveness of separation
substantially whereas the Philpot model predicts an im-
provement.

Once it is recognized that interaction of nonuniform
convection with diffusion is a significant source of dis-
persion methods can be sought to minimize such inter-
action. One simple approach which compvletely eliminates
this problem is to operate in a stepwise manner:

1. Feed solute to the apparatus, without an imposed
electric field and for a short period such that no sub-
stantial amount leaves.

2. Stop convection and apply an electric field for a
sufficient time to achieve the desired separation.

3. Elute the solute.

This type of batch operation produces a much more
complete separation than can be achieved with continu-
ous flow and is only one example of many possible mod-
ifications of the operating procedure suggested by our
analysis.

THEORY

Solute profiles are developed in this section for the sys-
tem of Figure 1: convective flow in the x-direction and
electromigration in the z-direction between immobile
bounding planes at y = = B. In the mathematical devel-

® Such double-valued concentration profiles have been observed, and
described for the nondiffusive limit, by Tippetts et al. (1967). Their
model has since been refined by Strickler and Sacks (1973a, 1973b) to
include the beneficial effects of electro-osmosis, which had been ob-
served by Grassmann and Hannig (1970).
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opment these planes are considered to extend indefinitely
in the x- and z-directions, but the physical system of in-
terest is that of the figure. In practical situations edge
effects at x = 0, Land z = = w appear to be of litt%e
importance.

Problem Statement and Decomposition

The basic solution, for a unit pulse of solute fed, is
given in Equation (38), and is obtained from the transient
three-dimensional diffusion equation
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Fig. 1. The system considered. The concentration profiles shown are
for the limiting case of zero solute diffusivity. Dashed lines (-.-.-)
represent corresponding solute trajectories.

oc; dc; dc; ( 2¢; d%c; d%c; )
- z = T €0 — Lim +
ot ox 0 9x2 oy? 922
(1)
with the aid of the boundary conditions
At t= c;=8(z) 8(x) for —B=y=B (2)
At x==* =0 for finite ¢ (3)
dci/dx = 0 for finite ¢ (4)
At y=0,%=B d¢/oy =0 (5)
At z=* ® ;=0 for finite x
3ci/9z =10 for finite % (6)

The velocity profile is taken as
v==8; v[l— (y/B)?] (7)

and vy, Dim, and ¢ are considered to be known constants.

The apparent complexity of Equations (1) to (6) can
be much reduced by considering solute motion in the z-
direction separately from that in the x- and y-directions,
and this is the procedure followed. It is permitted by the
linearity of the equations, the simplicity of the boundary
conditions on z, and the lack of coupling between these
two sets of motions. Mathematically this process may be
expressed by setting

A
ci(x,y,2,t) =c(x,y,t) g(z,t) (8)
with
I (9)
and
Ss%f_w oida (10)

The choice of B for the integral of g is arbitrary but con-
venient.

The defining equation for ¢ is simply obtained by inte-
grating the basic description with respect to z as indicated
by Equation (10). The result is
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BA 6A 62A 32/\
c c c c
—6—1,:_’_ e Dim (W a—y'z—) (11)
with
A
At t= c=8(x) (12)
At x=* é\: 0 for finite ¢ (13)
aé\/ 9x =0 for finite ¢ (14)
A
At y==B dc/ay=0 (15)

This is a slit-low analog of the classic Taylor dispersion
problem® (Taylor, 1953); an acceptable approximate solu-
tion is given shortly below.

Substitution of Equation (8) into the basic description
gives,** with the help of Equation (11),

og g _ o a%g

—_——— g —— = Dy — 16
. " oa 82 (16)
with
At t=0 g = 8(z) 17)
At z2=*cw0 g=0 (18)

This is just the equation for one-dimensional diffusion from
a point source with a uniform (electrophoretic) transla-
tion at velocity €. Since this result is well known we may
write immediately

B [ (z + eot)? ]
= ——————exp | ~ ———————
VAat Dim 4t Dim
Note that g is dimensionless as required by Equation (9).

g (19)

Solution of the Dispersion Problem

Equation (11) and its attendant boundary conditions
describe a slit-flow analog of Taylor dispersion which is
important in itself. This equation can be integrated to any
desired degree of accuracyt by postulating a solution of
the formtt

t= 3y %cmm £) - (Dimfvo)™  (20)
n=0

with
B A
Cm = f_Bc(x, y,t) dy (21)
It is readily shown from Equation (21) thatttt
<fo>=fo=1 (22)
and
<fp>=0 (n=1) (23)

Furthermore averaging Equation (11) with respect to y
yields
9Cm od d"Cm
= = n( 24
= 2 At o (24)

=1

with
B = — <v> (25)

@ Cox et al. (1972) solved an analogous problem in cylindrical geom-
etry with free convection, in the absence of forced convection.

99 Equation (16) may also be obtained by integrating Equation (1)
over x and y.

+ Within the limitations of the boundary conditions. Equation (3)
is physically unrealizable, but order of magnitude estimates suggest that
diffusion across the plane x = 0 is almost always unimportant.

+} This is a simple generalization of Gill and Sankarasubramanian’s
approach.

1 B
it <g> = ——f q dy where q is any function of y.
2B V-5
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g2 = Dm — <> ( 22) (26)

Dim )"“1 (27)

= — <> (22
v

0

It is now convenient to introduce the dimensionless vari-
ables

X, = (x4 B t)/BPé (28)
n=y/B (29)
r = toe/B Pé = t Dim/B? (30)
with the Péclet number defined as
Pé = voB/Dim (31)
Equation (24) may now be put in the form
SO gz Ku(r) S22 (32)
with
Ky(r) = _l;lé? — <vfi> (33)
Ku(7) = — <0.%fn—1> n>2 (34)

Equations (32) to (34) are closely analogous to the cor-
responding results of Gill and Sankarasubramanian, and
we may continue to paralle] their development.

We find that

~ 4 i { (=1) e~ ™™ cos nmwy } (35)

nigt
n=1
8 8 = exp(— nr’r)
— ® —_—— —_———— (836
<o:*fi> 945 58 21 nb (36)
n=

where
0 = (vz — <v>) /0o

and that from a practical standpoint we may neglect terms
for n greater than two in Equation (32). However, it is
not reasonable for probable conditions of electrophoresis
to neglect the transient termst in Equation (36).

We may now immediately integrate the truncated form
of Equation (32) to obtain

C 1

Co \/W

exp (— X;2/4¢) (87)
where

¢=J Kui0) av

Co — (M1/2Ba Pé)

and M; is the number of moles of solute species i fed in
the pulse,

Equations (37), (33), and (36) provide the basic solu-
tion to the dispersion problem to the degree of accuracy
normally required. We now return to the description of
electrophoresis.

t It is interesting to note in this respect that

Lim {K2} = 1/Pé? and Lim {Kn} = 0 forn > 2
-0 -0

All initial dispersion thus results from axial diffusion. An analogous situa-
tion, not previously reported, holds for tube flow.
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Concentration Profiles

For feed of a unit solute pulse to the apparatus of Fig-
ure 1, the concentration profile averaged with respect to
y, obtained from Equations (19) and (37), is

<c>  cmg 1 1 [_X12_ Cz]
4 4
(38)

Co Co = \/m \/Zm' xp

Here
{= (z + Got)/B

has been introduced to make all variables dimensionless.
The use of both ¢ and 7 as measures of time is awkward,
but unavoidable in view of the probable importance of
transients in Equation (36).

For arbitrary solute feed schedules exit concentration
profiles can be obtained from Equation (38) by super-

position. Thus if solute is fed at a varying mass rate M (¢)
dM/dt, where M is mass fed, the exit concentration is just

<c¢i> exp[__(_{i_*_}ili)]
- 871;200 ) ji?a” £ N - 0) :l:g)

For the case of long-continued solute input at a constant
mass rate M Equation (39) reduces to

S 3]
M, me"P[ (4—T+z
87TB21)0 0 \/z‘r

This is the steady state solution, applicable for example
to the description of Hannig’s apparatus. Its significance
is shown immediately below.

<6i> = dr (40)

RESULTS

Here we use the above concentration profiles to pro-
vide a relatively convenient approximate description of
solute distribution in the exit stream from the apparatus.
We then consider some representative numerical examples
to illustrate the characteristics of our model and to com-
pare it with previously available analyses.

If M, is the mass of solute species ¢ fed to the apparatus
we are presently interested in the distribution function

1 d,
‘T M, /B |,
=B " 7 Nulor dya / S5 0 Nedyaeds

(41)

Here ¢ is the fraction of entering solute leaving the ap-
paratus at a position 2, per unit dimensionless width in
this direction, and Ni; is the x-component of the molar
solute flux, relative to the apparatus-fixed co-ordinate sys-
tem of Figure 1.

The solute flux should in principle be determined from
Fick’s first law

Dim 252 (42)

Ni_-; = CiUy —

and the appropriate concentration profile, Equations (38),
(39), or (40). Fortunately, however, considerable simpli-
fication of Equation (41) is normally possible.

First, it may be seen from the linearity of the defining
equations that ¢; will be independent of the solute feed
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schedule. It is therefore most convenient to work with the
steady state profile, Equation (40), where the integration
with respect to time has already been performed. For
this situation

1 am (43a)

"~ M; dz/B 2
B B

= —.—f_B Nigl,—1 dy (43b)

M;

It now remains only to obtain a satisfactory approximation
for the molar flux.

For most if not all configurations of practical interest it
appears that the axial diffusion term, underlined in Equa-
tion (42), is of negligible importance. Then

2
¢i = M B2 <civg> (44)
i

to an excellent approximation. This expression in turn
may be conveniently expressed as

B2<v>
¢ =20 ——— <Ci> (45)
M
where
a = <ow>/ <ep><o> (46)

may be determined with the aid of Equation (35). Nor-
mally, however, « will vary little with time, position, or
species and will not be far from unity. We may then ap-
proximate Equation (45), with the aid of Equation (40),
as®

(8, L2
du=%fowexp[ (:1;;45)]611

Here Ly = (L + pBit)/BPé. Equation (47) provides an
excellent basis for estimation of separability of two or more
solutes. The primary effect of omitting « is that integrals
of the ¢; over { will differ somewhat from unity.

Equation (47) completes our development. It differs
substantially from the earlier result of Philpot

(47)

{1

A €%
(4}
[ T |

-io -20 -30 -40

z{em)

Fig. 2. Effect of geometry on solute distribution. Each curve is drawn

for Pé — 100 and (¢p/vg) = 0.6. Curves (1), (2), and (3) are drawn

for B = 1 mm ond L — 1 cm, 10 cm, and 30 cm, respectively.
Curve (4) isforB =4 mmand L = 30 cm.

2

% Note that <v> = — vo.
3
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¢:(Philpot)

1 [ ( z
\/ 4 DimX <v> B

TCSB: V<oSE T et
PRSI ')2 / (4&’""
B <v>

) <v> ) ]
<v> B2 /<> e

(48)
which does not consider the effect of the nonuniform veloc-
ity profile. To show the importance of this previously
neglected effect, we give in Figures 2 to 4 the results of
numerical calculation for the following representative con-
ditions:

Geometry:
L =1, 10, 30 cm
2B =2, 8 mm
Electric field,
E =1, 5 volts/cm
Velocity,
vo=1, 5 X 107*cm/s
¢
0.5 |

£y/<v> 20036 1

l(°/<v> =08 fnl Eo/<v> 208
,ﬂ\ n
Q.10H I‘ “
l I
| f
Il
0.05 H
}%
y !
|

z(em)

Fig. 3. Effect of solute trajectory on dispersion. Each curve is drawn
for Pé — 100, B/L = 3.3 X 103, and a cell length of 30 cm.
However, the values of (eg/vo) vary as shown.

[
3
0.5F 1
li
Il
il
‘l
ool i!(ZP)
!\
i!
B
{‘\
0.05+ ,‘
i
[
H:“P)
Al
/i N 13
1 URN@
- g 0N
o -0 -20 -30

z{em)

Fig. 4. Effect of Pézlet number on dispersion. Each curve is drawn

for (eo/ve) = 0.6, (B/L) — 0.00333, and L — 30 cm. However,

curves 1 and 1P are for Pé — 20 and curves 2 and 2P for Pé — 100.

Curves 1 and 2 are calculated from our model; 1P and 2P from that
of Philpot.
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Solute:
Dim 5 X 10~7 cm?/s

mi=e/E 6 X 1075 cm2/volt, s

Here p; is electrophoretic mobility of species i. The solute
is hypothetical, but similar to serum albumin.

Figure 2 was constructed to show the effect of geome-
try and covers the above-indicated range of conditions.
Curves (1), (2), and (8) show the increasing dispersion
occurring as cell length is increased from one to thirty
centimeters for B == 1 mm. Curves (3) and (4) show the
very large increase in dispersion resulting when B is in-
creased from one to four millimeters at L = 30 cm. It
may also be noted that the marked asymmetry of curve
(4) results in a substantial leftward shift of the concen-
tration maximum. It can be seen from these results that
changing the plate spacing 2B has a more profound ef-
fect than changing cell length L.

In some respects, however, Figure 2 is misleading, and
a plot of (¢L/B) versus z/L would give somewhat differ-
ent insight. In such a plot concentration peaks would ap-
proximately coincide, and those for greater L would be
higher. Since the areas under the curves would all be the
same this means that a relatively sharper separation is ob-
tained in longer cells. Such behavior is qualitatively the
same as that predicted by the Philpot model, and to a
first approximation it has the same basis as given by Phil-
pot: dispersion increases only (approximately) as the
square root of time whereas lateral displacement is ex-
actly proportional to time for each solute molecule. In
other respects, however, the Philpot model is a poor guide,
and this is shown in the last two figures.

Figure 3 compares solute profiles for the present model
with those of Philpot for three different trajectory pa-
rameters (eo/v,), and it shows clearly the major defect of
the earlier model: neglect of Taylor dispersion. For vanish-
ingly small migration velocities such dispersion has little
eftect laterally, and for (eo/vo) = 0.036 the two models
are indistinguishable to the precision shown. However,
the present treatment shows that lateral dispersion in-
creases markedly with increase in migration velocity., The
Philpot model, on the other hand, incorrectly predicts an
improvement and therefore suggests nonbeneficial changes
in equipment design.

Separability depends only upon dispersion relative to
mean displacement and the ratio of these is not greatly
different for (ep/vo) of 0.18 and 0.9. However, relative
dispersion is larger for (eo/vo) = 0.036 and for very large
(€0/vo). There is then an optimum (e/vo) for separabil-
ity, and it is inadvisable to use very large migration veloci-
ties. There may also be an optimum from the standpoint
:}fl power consumption, but we have not yet investigated

is.

The importance of considering Taylor dispersion is fur-
ther emphasized in Figure 4 where dispersion is shown
to increase with an increase in Péclet number. For these
conditions the opposite effect (and much smaller disper-
sion) are predicted by the simpler model.

In summary then we find that system behavior is pro-
foundly influenced by Taylor dispersion, which must there-
fore be taken into account. Its effects are actually more
complex than indicated by the last three figures, and the
model presented here deserves extensive study. However,
it appears to indicate that small (B/L) are highly desir-
able and that large (eo/vo) are at best not useful, These
facts alone provide useful insight, and our model seems
adequate to describe free-flow electrophoresis at vanish-
ingly small solute concentrations and current densities.

Since maximizing equipment productivity requires both

AIChE Journal (Vol. 20, No. 2)

finite solute concentrations and high current densities,
however, it is clearly necessary to look at free convection
and hydrodynamic stability. This is our next objective.
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NOTATION

B = half thickness of cell, !

¢ = molar concentration of solute species i, m/I?

(/2\ = concentration averaged with respect to z

¢m = concentration averaged over the y-z plane

co = M;/2B%Pé

<c¢> = concentration averaged with respect to y

Dim = effective binary diffusivity of species i, [2/t

E = electric field strength, volts/cm

fi = dimensionless functions defined by Equation (20)

L = cell length, !

L; = (L + B;t)/BPé¢, dimensionless

M; = number of moles of i fed to apparatus, m

M; = moles of i fed per unit time, m/¢

Pé = Bvy/Dim = Péclet number, dimensionless

t = time

vz = vo[1 — (y/B)?] = x-component of fluid velocity,
I/t

v;* = (vy — <v>)/vp, dimensionless

v¢ = maximum velocity

<v> = v, averaged over y

w = width of cell,

x = coordinate in direction of flow, [

Xy = (x+ Bit)/BPé

y = coordinate perpendicular to confining plates, [

z = coordinate in direction of electric field, [

« = <>/ <ei> <>

Bn = dispersion coefficient, as defined in Equations

(25) to (27)
8{u) =0,u*0; f_ N 8du = 1; dimensionless

8; = unit vector in i-direction, dimensionless

€0 = Epy = electrophoretic velocity, I/t

= (z + et)/B, dimensionless

y/B, dimensionless

electrophoretic mobility of species i, I2/¢-volts

fo K, (6)d#, dimensionless

t Dim/ B2, dimensionless
dimensionless solute distribution defined by
Equation (41)

A R
i

;9.*!
i
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An Effective Numerical Integration Method
for Typical Stiff Systems

There is an equivalence between stiff and singularly perturbed systems
of ordinary differential equations. This feature is exploited in this paper

by numerically employing recent singular perturbation methods to attack
troublesome boundary layer stage of the solution in which some variables
have very short response times. The numerical method affords a means of
essentially determining the thickness of this boundary layer. The algorithm
is capable of high stability and accuracy for the commonly occurring stiff
system, whether or not it is in singularly perturbed form. Application to
a singularly perturbed reaction system and a highly stiff reactor system not

RICHARD C. AIKEN
and LEON LAPIDUS

Department of Chemical Engineering
Princeton University
Princeton, New Jersey 08540

in singularly perturbed form demonstrate the effectiveness and utility of

this approach.

SCOPE

Many commonly occurring physical and chemical
dynamic systems have widely separated time constants.
These systems are often represented by sets of initial-
value ordinary differential equations which possess vari-
ables that rapidly change during time intervals much
smaller than the duration of the phenomenon of interest
(Lapidus et al., 1973). This presents the numerical inte-
gration difficulties associated with such stiff systems. Thus
even integration routines stable for any step size (so-called
“A-stable” methods) have accuracy problems in following
the eigenvalues large in absolute value which damp out
early in the solution. This error can easily propagate to
destroy the remainder of the transient,

It is of major importance that the practitioner be able
to identify the occurrence of a stiff problem. Otherwise,
confusion can arise as to why the commonly available
integration routines require inordinately small step sizes
to obtain an insignificant fraction of the transient (at
great expense in computation time). Even when the
nature of the difficulty is realized, the popular decision to

turn to complex analytical asymptotic methods (Mac-
Millan, 1968) or pseudo steady state hypotheses (Gelinas,
1972) must be viewed with caution as the degree of error
introduced is unknown. A number of viable alternatives
for the direct numerical integration have been emerging
rather recently, however (Lapidus et al., 1973; Seinfeld
et al., 1970), and knowledge of these would prove valu-
able to the general user.

The present study, based on an extension of Miranker
(1972), offers one such technique capable of high numer-
ical stability and accuracy. It is particularly effective for
systems having some variables with very short initial
response times, as frequently occurs within chemical engi-
neering contexts.

Details of the numerical algorithm are presented here
as well as the use of the algorithm for two examples of
direct interest to the chemical engineer. These examples
are the thermal decommo-sition of ozone and the dynamic
behavior of a catalytic fluidized bed. Many other stiff
problems are also identified.

CONCLUSIONS AND SIGNIFICANCE

Recognition of the equivalence of stiff and singularly
perturbed equations makes available new tools for the
solution of both forms of equations. Tn this study, use is
madeg of singular perturbation methods to develop a
numerical technique capable of high stability and accu-
racy. A unique feature present is the ability to monitor
the contribution of the stif component to assess when
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the solution is out of the boundary layer. Thereafter the
bulk of the transient may be obtained without the accuracy
problems associated with this initial section. The numer-
ical approach is applicable to numerous problems in
chemical engineering and other disciplines where cur-
rently inadequate solution procedures are employed.
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